By introducing an ansatz, infinite degrees of field freedom of the 1 + 1 dimensional 0(3) nonlinear sigma model are reduced to a single one along the noncontractible loop parameter. The mechanism is examined how the quantum-statistical transition rate of the reduced model by quantum tunneling at low temperatures turns smoothly into that by thermal activation at high temperatures. Such a transition pattern is considered to simulate that of the electroweak theory. At high temperatures, where the transition rate of the reduced model is able to be compared with the field theoretical one, corrections from the field theoretical zero-mode factor and entropy term are found to playa minor role in numerical results. § 1. Introduction
The sphaleron transition may be of particular significance in the sense that the well established electroweak theory is relevant to the baryon to photon ratio of our universe. If the sphaleron transition may wash out the primordial baryon number asymmetry after the electroweak phase transition,I) then any realistic model prior to the electroweak theory, whether the GUT type, the string type or the others, should be such that its baryon number asymmetry does survive the sphaleron transition.
The baryon number change due to the electroweak anomaly is induced by a transition between a pair of neighboring, topologically inequivalent vacua in field configuration space, which are separated by a barrier whose height is equal to the sphaleron energy ESPh ~ 0(10 Te V).2) At low temperatures, the transition takes place by quantum tunneling (the instantontransition in the zero temperature limit, known to be completely negligible 3 ». At high temperatures, the transition by thermal activation over the barrier is expected to occur. This transition over the wide temperature range is, however, too complicated to treat from first prihciples of quantum field theory. Therefore, when one examines the transition, he resorts to some toy models in 1 + 1 dimensions or manages to reduce infinite degrees of freedom of field to few ones by introducing some ansatz or other.
Among the toy models, the 0(3) nonlinear sigma model in 1 + 1 dimensions examined by Mottola and Wipf 4 ) and also by the present authors 5 ) is particularly interesting, since the model shares many features with the electroweak theory such as scale invariance, asymptotic freedom, topological aspects of winding number together with instanton, and chiral anomaly. It should be noted that the sphaleron of the model exists in the broken phase due to a symmetry breaking term while the instanton . is defined in the symmetric phase, which is similar to the" situation of the electroweak theory. On the other hand, a reduced action of the electroweak theory has been given by Aoyama, Goldberg and Ryzak,6) who regard the noncontractible loop parameter J1. connecting the topologically inequivalent vacua 7 ) as a single degree of freedom of coordinate,introducing at the same time a variational parameter a to compensate possible crudeness of the ansatz.
In the present paper, we examine in detail the transition of the topological number in the 1 + 1 dimensional 0(3) nonlinear sigma model reduced a la Aoyama et al. At first sight, one might feel that such a reduced toy model might hardly serve to anything. However, this is not the case. First, the pattern of the reduced action of the model bears a close resemblance to that of the electroweak theory. Second, the quantum-statistical transition rate at finite temperature of 1 dimensional systems such as the reduced model has been basically formulated by Langer 8 ) and Affleck.
)
Third, the field theoretical transition rate of the 0(3) model, with which the reduced model should be compared, has been obtained at high temperatures.
The last but not least, many of calculations are able to be done analytically once a tiny approximation is made,*) which helps to make the situations transparent.
In this way, we clarify the transition mechanism whose key is the bounce solution corresponding to quantum tunneling. It spans a gap between the sphaleron in the broken phase and the instanton in the symmetric phase, where the variational parameter plays a role to distinguish the two phases. We also find what corrections be necessary on the transition rate r of a reduced model to obtain that of the original field theoretical model rFT. We expect that the present approach would serve to economically estimate the transition rate of the electroweak theory over a wide range of temperature.
In § 2 the reduced action together with the reduction ansatz is presented. In § 3 the reduced classical action is given analytically in the tiny approximation. Th.e pattern how the instanton limit of the action turns smoothly into the sphaleron action is investigated. The pattern simulates that of the reduced action of the electroweak theory,6) but is in sharp contrast to that of the reduced Abelian Higgs model in 1 + 1 dimensions/Oj another toy model in which, however, both the instant on and the sphaleron coexist in the broken phase. In § 4 two subtle problems in applying the approximate formulae by Affleck 9 ) are discussed. The first problem comes from the fact that the ground state energy of the "metastable" vacuum cannot always be neglected at extremely low temperatures. The second one is peculiar to the transition with the two degenerate vacua, which cause a new zero mode in the low temperature limit. In § 5 results of the transition rate r obtained by numerical integration to avoid the problems are shown. The minimum of r with respect to a by quantum tunneling at low temperatures turns smoothly into that by thermal activation at high temperatu,res. In § 6 the field theoretical transition rate r FT is compared with r of the reduced model at high temperatures. The field theoretical corrections of zeromode factor and entropy term are found to playa minor role in numerical results. § 2. Reduction of field theory to quantum mechanics
The Lagrangian of the 0(3) nonlinear sigma inodel of three-component field *) Many analytical results of the previous paper by the authors on 0(3) sphalerons on a circleS) are applied to calculations here. This paper is referred to as 1.
where the potential U(n) is introduced by hand to break the 0(3) symmetry to 0(2).
A.convenient parametrization of S2 of n· n=l is given by n=( -sin,usinf, -cos,usin,u(l + cosf) , sin 2 ,ucosf -cos We reduce infinite degrees of freedom of the fields ,u( t, x) and f( t, x) to one by the following ansatz:
where a is the variational parameter. At ,u=Jr/2 and a=l, n coincides with the 0(3) sphaleron n=( -sinf, 0, cosf) with the energy E SPh as Fig. 1 . In order for the ansatz to be physically reasonable, the particle in one of the valleys; f.t=0, is hoped at high temperatures l//3~EsPh to pass over this barrier at the variational parameter a=l reproducing the sphaleron, which is actually the case as will be shown.
A dimensional consideration shows that the mass M(f.t, a) coming from (li? is proportional to a, while the first term of the potential Vo(a) coming from "(n')2 is prbportional to 1/q and the second one from U(n) to a. Since the sphaleron is a static solution (li=O),.it should sit at the minimum of Vo(a), i.e., a=1. Since the instanton of the 0(3), nonlinear sigma model is defined in the symmetric phase (U(n) =0), it should be at a=O. 
Classical solutions and their actions
As analyzed in I, we have three types of classical solutions to (3 ·1).
which is minimized at a = 1 and, as expected,
In view of the weak "f.t dependence of M(f.t, a), we make an approximation in a self-consistent way, which enables an analytic treatment. That is, we first put sin 2 f.t(r) in M(f.t, a) in (2·6) to be a constant, solve (3·1) by replacing M(f.t, a)~Mo(a), evaluate the average <sin 2 f.t> from the solution, and put it back to M(f.t, a). Namely, we start from the energy conservation law by (3 ·1) neglecting the second term:
By parametrizing the binding energy as (3·5) we obtain the bounce solution:
, where sn(x; K) is the elliptic function. Because of time translation invariance, the bounce solution has one zero mode. Once the temperature 1/13 is given, the parameter K is determined from the periodic boundary condition as (3) (4) (5) (6) (7) (n=l, 2, 3, ... ). The integer n corresponds to the number of node of f.1.b, and we take n=l to have the minimal bounce action. The average of sin 2 ,u from (3-6) is
so that the approximate bounce solution is (3-6) with
where Mo(K, a) is monotonically increasing with respect to K. Note the weak K dependence oi,Mb of 20%.
From (3-6}and (3-9), we have the bounce action:
where
At K=O, the bounce action coincides with the sphaleron action:
At K=l, the bounce action, (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) is minimized at a=O as (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) where Slnst=41C/g 2 is the 0(3) instanton action. The bounce motion going to and fro between the two vacua with the zero binding energy E=O (K=l) implies that the particle passes the Minkowskia.n sphaleron peak twice" in a single period. On the other hand, the 0(3) instanton defined in the symmetric phase requires a=O as mentioned before. Thus tHe result (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) is perfectly reasonable and would mean' that the possible errors due totheansatz (2-3) and the-approximation (3-8) would amount only to 16%. The last expression in (3-10) is rewritten as (Legendre transform)
Here E is the binding energy in (3) (4) (5) , 
Reduced action 01 the 0(3) nonlinear sigma model
First, some kinematical remarks from (3'7) with n=l are in order. The low . temperature limit l/iJ =0 corresponds to K=l. As l/iJ increases, K decreases to 0, where the temperature arrives at 
Given 1/iJ>tb(00)=/f!2/27r, a~ab(lJ) is the bounce region. We call the region a 2. abe lJ) sphaleron region, since, at a = abe lJ), the bounce action continues smoothly to the sphaleron action of I (3 ·12). On the other hand, because b(K, a) ~oo as a--->O, the a=O limit requires K = 1 irrespective of the temperature. We call this point instanton limit because of (3·14). The reduced action SE[f.
-l] versus the variationar-parameter a is given in Fig. 2 . At low temperatures l/iJ < Moo), the reduced action is the bounce action Sb(a) for all' a, whose minimum Sb(O) is the instanton limit. As l/iJ exceeds Moo), the sphaleron action SSPh(a) appears for large a and continues at ab(lJ) to Sb(a) for small a. Sb(O) =Sb(l) at (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) which gives the measure that the local minimum of SE[.U] at a~l becomes lower than the instanton limit. As l/lJ further increases, rlb(lJ) decreases, and, at 1/lJ>I3/2lC where ab(lJ) < 1, SSPh(l) reproducing the sphaleron configuration by (3-3) is the true minimum of SE [tt] . Figure 2 clearly shows how the minimum point of SE[tt] changes with l/lJ. We stress that this pattern in Fig. 2 is completely the same with that of the reduced action of the electroweak theory (Fig. 1 of Ref. 6) ), and that the pCJ.ttern of the reduced action of the Abelian Higgs model discussed below forms a striking contrast to these.
Reduced action of the Abelian Higgs model
The Lagrangian of the Abelian Higgs model in 1 + 1 dimensions is lC -00 lC In order to have the reduced action, the noncontractible loop parameter tt(t) E[O, lC] and the variational parameter a are introduced by the following ansatz:*> Fig. 1 , we treat the transition rate of the "metastable" vacuum at ,u=0 to the true vacuum at ,u=7r of the reduced 0(3) model in the Minkowskian version (the particle under the potential + V). Although the basic formalism of the quatum-statistical transition at finite temperature has already been given by Langer 8 ) and Affieck,9) we neea to discuss some subtle problems. 
Imagining that V(,u=7r, a)=O< V(,u=O, a) in

*) The dimensional mass and potential, m=(l/wr/)Mo and V(fJ-) = (w/g
2 ) V(fJ-), might be helpful as well to .derive formulae that follow. **) It can be shown that n always appears in the combination r/n, so that we put n=l hereafter. 
Affleck formulae
We summarize approximate formulae of r derived by Affleck.
)
(i) High temperature region: 1/lJ?:;Q-/27C'=-tb(a) (more correctly, the sphaleron region in Fig. 2 ). Since the integral in (4·3) is dominated by E?:; Vo, the sphaleron barrier approximated by the parabolic form leads to (4·4)
Note that lJVo(a)/g2=/3ESf?h at a=l as remarked before.
In the standard Euclidean path integral formalism, the imaginary part of the free energy, F= -(l//3)lnZ, gives the transition rate. Here the partition function Z is dominated by the three classical actions obtained in § where the approximation InZ "" ZSPh/ZO is made. This is the formula on which' is based the field theoretical calculation of the sphaleron transition rate. Thus there is no problem in the sphaleron region.
(ii) Low temperature region: l/lJ ~Q-/27C (more correctly, the bounce region in Fig. 2 (iii) Intermediate temperature region: l/lJ ""Q-/27C (more correctly, around the boundary ab in Fig. 2) . Although the classical action is continuous at a=ab, the transition rates (4·4) and (4·7) which include the leading quantum corrections are not. An approximate formula connecting the high and low temperature regions is 
). The integral is dominated by a stationary point Eo obtained from lJ + W'(E o ) = lJ -T(Eo)=O, around which we have the expansion lJE+ W(E)= lJEo+ W(Eo) +(1/2)1 T'(Eo)l(E-EO)2+.... Note that T'(E)<O, since T(E)
isr ~ (w/g)Zo -1127CT'( Vo)I-l/2exp[ -(1/g 2 )
{lJVo-(lJ -27C/Q-)2/21 T'( Vo)!)] . (J)((lJ -27C/Q-)/gjl T'( Vo)I) , where (J)(x) is the error function defined by (J)(x)=(l/ f27i)f=-""dte-
t2 / 2 .
Problems in extremely low temperature region (4·9)
Once the temperature is given, the stationary point Eo is given by K determined from
lJ = T(Eo)=4j Mo(K, a)/2 Vo(a) K(K) with Eo= Vo(a)(l-K2) .
(4'10)
In a region near the inst~mton limit (K~ 1, a~O) , the low temperature formula (4'7) is not applicable, which is now discussed.
(1) Problem of integral region At extremely low temperatures, the stationary point Eo obtained above is too small to be within the integral region of (4'3), so that the saddle-point method leading to (4'7) is no longer applicable. For illustration, the limiting formula for low temperature retaining EG=I=O in (4·3) may be as follows:
where x=l-E/Vo. In the limit lJ~oo, the last integral is dominated by x~l while Zo-lexp( -/3wo)~ 1, so that (4·12) Furthermore, the exponential factor at a=O in the classical limit (EG~O) actually coincides with the instanton limit: exp( -W(1)/g2)~exp( -Sb(K=l, a=O)) with Sb(K=l, a=0)=1.16(2Sinst). On the other hand, when we consider the zero temperature and classical limit from the first without using the bounce action, the result from r~2ImE (F=E at 1//3=0) isH) (4 '13) As seen later, prefactors to the exponential one playa minor role in numerical results.
(2) Problem of divergence in the instanton limit From (4 ·10) the explicit form of T'(Eo) is calculated:
where LlTE comes from the derivative with fixed Mo, and LlTM comes from the weak K dependence of Mo(K, a) which is almost negligible compared with LlTE. Anyhow, because of the denominator (1-?-) above, r = -lnr/w diverges iIi the instanton limit
K=l.
The same divergent result is also derived in the standard Euclidean path integral formalism for the bounce action. We have from (4-5) Vo(a)(1-2dn(b(K, a) and would move independently. Such a system has two zero modes. Even if one of them, due to time translation invariance of the center of mass coordinate of the pair, has been eliminated as the p'roper zero mode, the other one due to the relative coordinate is left uneliminated and causes the divergence. 13 ) In conclusion, while both the problems are specific to extremely low temperatures, the first one may be a general one of the Affleck approximate formulae, but the second one is specific to the transition via quantum tunneling between two degenerate vacua. § 5_ NU!llerical results Affleck formulae (4'4), (4'7) with (4'14) , and (4'9) for comparison. The effect of the divergence of r by the Affleck formulae at a=O is not restricted to the vicinity of the instanton limit, but extends to a rather wide region around it. Except the divergence, all the numerical results rapidly converge as g2 decreases (the semiclassicallimit).*) Figure 5 shows the temperature dependence of the transition rate, rmln by the numerical integration at its minimum with respect to the variational parameter a, which is compared with the minimum of the classical action SE [,u] 
Transition rate by the reduced model
The former basically follows the latter, that is, the thermal transition at high temperatures "transits" around l/ec in (3'20) to the quantum tunneling transition governed by the bounce action, whose zero temperature limit is the instanton transition. But the transition rate rmln behaves more smoothly than Sd,u]m!n. r min largely changes with the temperature:
where (J) is the unique energy scale of the 0(3) model. At low temperatures, unfortunately, the field theoretical analysis is not complete enough. There are six zero modes around the one instanton solution related to translation, dilatation and rotation. 16 ) Their corrections on the reduced transition rate may not modify the magnitude of it. The entropy correction would not presumably be so serious. § 6. Conclusions
Comparison with field theoretical transition rate
We have investigated, in a wide range of temperatures, the transition rate of topological number of 1 + 1 dimensional nonlinear sigma model, employing an ansatz which reduces the infinite degrees of freedom of field theory .to one along the nop.-contractible loop with a variational parameter. A similar analysis at classical level of four-dimensional SU(2) gauge-Higgs system has been performed by Aoyama, et al.
6
) who started from the instanton solution, while we started from the sphaleron and studied the leading quantum corrections. The variational parameter, which is the scale of the static solution, while that of the instanton in the work by Aoyama, et al., is found by dimensional argument to play the role to distinguish the symmetric theory and the symmetry-broken one. Such an interpretation does not apply to the case of the 1 + 1 dimensional Abelian Higgs model where both instanton and sphaleron coexist in the broken phase.
We have also pointed out some problems in applying the approximate formula by 9 ) to calculate the transition rate at extremely low temperatures. To avoid the problems, we numerically integrated the defining equation of the quantum-statistical transition rate and obtained it in a rather wide range of temperatures. The results show that the bounce solution mediates between the instanton transition and the sphaleron transition, that the sharp change of the rate is somewhat tamed by quantum corrections, and that the approximate formula by Affleck which is used for fieldtheoretic calculations is valid numerically at high temperatures. Comparing the rate with that obtained by the field-theoretic treatment at high temperatures, we found that the corrections due to the zero-mode factor and entropy term playa minor role. For the four-dimensional SU (2) gauge-Higgs model, similar results are expected to hold.
Affleck
For that model, we should incorporate the effect of temperature dependence of the sphaleron mass, which would raise t~e transition rate at high temperatures since the height of the barrier decreases as temperature increases. Although we have not been equipped with reliable analytical methods, what is more interesting would be the transition above the critical temperature of the gauge-symmetry restoration.
